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a b s t r a c t
The ability of Gaussian noise to induce ordered states in dynamical systems is here presented in an over-
view of the main stochastic mechanisms able to generate spatial patterns. These mechanisms involve: (i) a
 
deterministic local dynamics term, accounting for the local rate of variation of the ﬁeld variable, (ii) a
 
noise component (additive or multiplicative) accounting for the unavoidable environmental distur-
bances, and (iii) a linear
 
spatial coupling component, which provides spatial coherence and takes into
account diffusion mechanisms. We investigate these dynamics using analytical tools, such as mean-ﬁeld






















































































































































































































































































































































































































[6,19], and the land-
scape’s susceptibility to desertiﬁcation under different climate
































































































































































































































































































































































































































































































































sciences, where the number of
different processes can prevent the organization of the system with
a speciﬁc wavelength. We deﬁne
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component and the spatial coupling. Pattern formation with tempo-
ral phase transition is described in Section5. Concluding remarks are












































































































































dynamics, while D is the strength of the spatial coupling. The
description of the spatio-temporal stochastic resonance and
Fig. 1. Example of aerial photographs showing vegetation patterns (tiger bush). (a) Somalia (9200N, 48460E), (b) Niger (13210N, 250E), (c) Somalia (9320N, 49190E), (d)
















































































































































































































































































































































































































































































































































multiscale patterns, without selecting a clear dominant
length scale. A typical
 









































































































































by the spatial interactions. It should be noted that, beside the effect
 
of short-range interactions expressed by the Laplacian operator r2,























































































































































































































































































establishment – such as competition
for water and nutrients through the root system [31,38,43,44] –














¼ a/þ DL½/ þ naðr; tÞ; ð5Þ









































































































































































































































































































































































































































































































































































































































pattern-inducing role of the noise can be detected through































































































































































































































































































































































































































3.2. Non-pattern forming coupling
In this section, we consider the same interplay between the lo-
cal deterministic component, f(/), and the noise component inves-
tigated in the previous section. However, we consider a spatial





























































































































Considering the steady state structure function, one obtains















































































































































































































































































































































































































































































































behavior follows the general rule that Gaussian additive noise is
unable to give rise to phase transitions (i.e. changes of m) for any





































































































































































This point of view suggests that a deterministic bifurcation is
necessary in order to have an additive noise generating a pattern.
The example with f(/) = a/ we have just presented demonstrates,
instead, that this is not necessarily true. In this case there is no
bifurcation since the dynamical system diverges when a > 0. There-
fore, the existence of a deterministic bifurcation is not a necessary
condition for pattern formation. Patterns emerge as an effect of
additive noise, which unveils the capability of the deterministic
component of the dynamical system to induce transient periodic
patterns also when the asymptotic stable state is homogenous.
Thus, noise exploits this capability and hampers patterns to
disappear.
Moreover, it should be noted that the presence of nonlinear
components in the deterministic dynamics does not substantially
change any of the previous results. The ﬁne details of the patterns
can change, but neither their stable occurrence nor their dominant
wave length (if detectable) changes.
4. Multiplicative noise
The cooperation between multiplicative noise and spatial cou-
pling is based on two key actions: (i) the multiplicative random
component temporarily destabilizes the homogeneous stable state,
/0, of the underlying deterministic dynamics, and (ii) the spatial
coupling acts during this instability, thereby generating and stabi-
lizing a pattern. The basic model is
@/
@t































































































































































































































































































































































































































































































































































































described in the following sec-








4.1. Pattern forming coupling
To illustrate how pattern formation can be driven by multiplica-




¼ a/ /3 þ /n Dðk20 þr2Þ2/; ð12Þ
where a is a negative number, the random component is modulated
by a function g(/) = /, and n is a zero mean white Gaussian noise,
with intensity s. The local dynamics are f(/) = a/  /3, where the
























































































































































































































evaluated realizations of the zero-dimensional

















































































































































































































































Appendix A.1. The dispersion relation is













































































































Moreover, the critical value of the noise intensity for the neutral
























Fig. 3.Model (9) with a =0.1, D = 2.5, and sa = 5. The columns refers to 0, 200, and 400 time units. First row: numerical simulations of the ﬁeld. Second row: pdfs of / (solid:





system remains blocked in the disordered phase and no patterns oc-
cur. Only transiently, the spatial coupling might be able to induce 
patterns that disappear as the system approaches its steady state. 
Conversely, when the noise increases above a critical level, s > sc, the 
spatial term can take advantage of the noise-induced short term 
instability and prevent that the displacement from the homogeneous 
equilibrium state decays to zero. In this way, the spa-tial coupling 
traps the system in a new ordered state, maintaining the dynamics 
far from the state /0. Eq. (11) is here interpreted in the Stratonovich 
sense, where hg(/)n(/)i = shg(/)g0(/)i, while under Ito’s 




























































































































































































































































































































































































































































































































































































































































































































































































the short-term behavior as a balance between the
tendency of f(/) to restore the homogeneous state, / = /0 = 0, and
the diverging
action of g(/)  n. Since / is close to zero, the power a > 1 of the
function g(/) reduces the effect of the noise term, which becomes
unable to contrast the action of the leading term, a/, of f(/). Pat-
terns occur only transiently and the ﬁeld then rapidly decays to



























































































diverge. In this case, patterns are

































































role of the type
of
 




















































































instability when s > sc =a (see Section 4.1). The disper-
sion relation obtained with the linear stability analysis reads
cðkÞ ¼ aþ s Dk2: ð16Þ
We can make the following three remarks. First, the value s =a of
the noise intensity marks the condition of marginal stability. No
unstable wave numbers occur when s < a, while the wave num-
bers lower than
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðsþ aÞ=Dp become unstable if s > a. The thresh-
old s = a coincides with the one obtained in the short term
analysis. Second, the strength, D, of the spatial diffusive coupling
impacts the range of unstable wavenumbers. In particular, the
unstable wave numbers decrease when D increases, consistently





























































































































































































































































































































































































































































































































































































































































































































































































































































































































5. Patterns with temporal phase transition
In this section we consider the extension to spatial systems of
noise-induced transitions in purely temporal systems [47]. Such
transitions correspond to the occurrence of steady state probability
distributions whose modes are different from the equilibrium
states of the corresponding deterministic system. A relevant case
is represented by systems exhibiting noise-induced bistability. In
this case, suitable noise intensities are able to generate pdfs with
two modes even though the deterministic dynamics have only
one stable state. Two key ingredients are needed to activate this
type of stochastic dynamics. First, a deterministic local kinetics,
f(/), which tends to drive the dynamical system towards the stea-
dy state, / = /0. Second, a multiplicative random component that
tends to drive the state of the system away from / = /0; the inten-
sity of this component is generally maximum at / = /0. As a result
of the balance between deterministic and stochastic components,
bimodal probability distributions of / may emerge at steady state.
In spatiotemporal dynamical systems the spatial coupling could
(i) cooperate with the stochastic component to prevent the relaxa-
tion imposed by the local dynamics and maintaining the system
away from the uniform state, h/i = /0, and (ii) give spatial coher-
ence to the ﬁeld creating a patterned state where the coherent re-




















































































































noise is interpreted according to Ito’s rule.
5.1. Model with g(/0) = 0
It is interesting to consider what happens when no noise term is
present for / = /0, i.e. when g(/0) = 0. Indeed, in this case the noise
component is unable to unlock the system from the deterministic
stable state /0 and to sustain the pattern-forming effect of the spa-
tial coupling by maintaining the dynamics away from the homoge-
neous stable state, / = /0.
We consider the model
@/
@t
¼ a/þ /ð1 /ÞnðtÞ  D k20 þr2
 2
/ ð17Þ
interpreted according to Ito. As in the case of Section 3 we concen-
trate on the case of linear local dynamics to show how patterns may









































































































































































































































































































































































the pdf of the
ﬁeld is unimodal and centered in zero. The generalized mean-ﬁeld
analysis is not able to provide further information.
  Patterns
 

































































































Wepresented different stochastic mechanisms of spatial pattern
formation. They all describe spatial coherence and organization as
noise-induced phenomena, in the sense that these patterns emerge
as an effect of the randomness of the systems drivers.
Additive noise plays a fundamental role when the deterministic
local dynamics tends to drive the ﬁeld variable towards a uniform
steady state, while noise is able to maintain the dynamics away
from the uniform steady state. The interaction of additive noise
with the spatial coupling provides a simple and realistic, mecha-
nism of pattern formation. In the presence of a multiplicative com-
ponent of adequate intensity the spatial coupling exploits the
initial instability of the system to generate ordered structures,
which in the absence of noise would tend to disappear in the long
run.
The stochastic models presented here show how noise may play
a crucial role in pattern formation. However, most of the literature
on self-organized morphogenesis in the environment is based on
deterministic mechanisms. The limited application of stochastic
theories to environmental patterns is likely due to the fact that






































































































































































































































































































































































we have hg(/)ni = shg(/)g0(/)i, i.e. gS(/) =
















































f(/0) + s g S(/0) = 0 .




















¼ f 0ð/0Þh/i þ sg0Sð/0Þh/i þ DL½h/i; ðA:2Þ
where f 0ð/0Þ ¼ df ð/Þd/ j/¼/0 and g0Sð/0Þ ¼
dgSð/Þ
d/ j/¼/0 . The basic state





Fig. 7. Model (17) under Ito interpretation at t = 100. The parameters are a = 0.001, D = 10, and s = 1 .
8
most of the stochastic models use some speciﬁc (and complicated) 
non linear terms both in the local deterministic dynamics and in the 
multiplicative function, g(/), of the noise component. The use of these 
‘‘ad hoc’’ functions limits the applicability of these theories to process 
based environmental modeling. Thus, only few studies have 
investigated the possible emergence of vegetation patterns as a noise-
induced effect. However, because noisy ﬂuctuations –ðsuch as those 
associated with ﬁres, rain, or soil heterogeneity –are a recurrent 
feature of environmental drivers, their randomness can actually 
induce spatial coherence in a number of environmen-tal processes, as 
well as in problems related to front propagation under non-
equilibrium conditions [48,49,32].
h/i ¼ /0 þ /^ectþikr; ðA:3Þ






































the coordinate vector. If Eq. (A.3)
 
is
inserted in (A.2), one obtains the so-called dispersion relation
















































the noise intensity is easily obtained by set-
ting the marginal condition, c = 0,
























































































































































































































































































































































































































































The noise threshold sc can be obtained by setting the inequality in
(A.7) equal to zero. The condition (A.7) derives from the ﬁrst-order









When feff(/0) = 0, the sign of the coefﬁcient of h/i on the r.h.s. of the





























































































































instability is possible only in the Stratonovich interpreta-
tion of the Langevin Eq. (1) and it cannot occurwhen Ito’s framework
is adopted.
A.3. Structure function
The presence of patterns modiﬁes the correlation structure of
the ﬁeld. Instead of considering the correlation function, this meth-
od analyzes its Fourier transform in space, which is known with
the name of structure function and deﬁned as Sðk; tÞ ¼
h/^ðk; tÞ/^ðk; tÞi, where /^ðk; tÞ is the Fourier transform of /(r, t)
and k = (kx,ky) is the wave number vector. The structure function
is therefore equal to the power spectrum of the ﬁeld /. The ﬁrst-














¼ f 0ð/0Þ/^ðk; tÞ þ g0ð/0Þ/^ðk; tÞnðtÞ þ naðtÞ





























































¼ 2 f 0ð/0Þ þ DhLðkÞ þ g0ð/0Þs½ Sðk; tÞ þ 2sa: ðA:11Þ
At steady state the structure function reads













































































































where hLðkÞ is the same operator already deﬁned in Appendix A.1. 
By substituting Eq. (A.10) into Eq. (A.9) and using Novikov’s theo-
rem [33] to express the terms h^/ðk; tÞ/^ðk; tÞnðtÞi ¼ sSðk; tÞ and 
h/^ðk; tÞnaðtÞi ¼ sa (where sa is the intensity of the additive white 



















































are expected to appear. Eq. (A.12)



























































The mean ﬁeld technique adopts a ﬁnite difference representa-
tion of the stochastic spatiotemporal dynamics (1)
d/i
dt
¼ f ð/iÞ þ gð/iÞ  niðtÞ þ D  lð/i;/jÞ þ hð/iÞ  FðtÞ þ na;iðtÞ;
ðA:13Þ
where /i, ni, and na,i are the values of /, n, and na at site i, respec-
tively, i runs across all the cells of the discretized domain, and
j 2 nn(i) refers to the neighbors of the ith site involved in the dis-
cretized representation, l(/i,/j), of the speciﬁc spatial coupling con-
sidered. A general expression for l(/i,/j) is

















































































































































A.4.1. Generalized mean-ﬁeld theory
To study the stability of the homogeneous steady state with re-
spect to periodic patterns, the pattern is approximated by a har-
monic function,













wave number vector. The function ll(/i,
 
/
j) in Eq. (A.13) is approximated as
lð/i;/jÞ  lhð/i; h/i; kx; kyÞ; ðA:16Þ




























































/pstð/; h/i; kx; kyÞd/ ¼ Fðh/i; kx; kyÞ ðA:17Þ
























































































































Other noise-induced phenomena can be investigated with this
method. Indeed, spatial pattern formation is not the only interest-
ing noise-induced effect. In fact, modiﬁcations of other statistical
descriptors of the ﬁeld can be relevant, too. Modiﬁcations of order
parameters are known as phase transitions. In particular, when the
spatio-temporal average, m, of the state variable at steady state is
different from the homogeneous steady state value, a phase transi-
tion occurs. Non-equilibrium phase transitions are induced by the
random forcing. The occurrence of non-equilibrium phase transi-
tion is neither necessary nor a sufﬁcient condition for noise-
induced pattern formation. Non-equilibrium phase transitions
imply that noise is able to change the value of the order parameter,
but not that ordered geometrical structures necessarily emerge.
Conversely, we have shown that noise-induced patterns may
emerge even when m remains unchanged with respect to the dis-
ordered case (i.e., no phase transition occur).




























































which coincides with the







































































































































































































































































































































































































































































































































































































































































































































of / at ﬁxed time and is numerically evaluated at 100 equally
spaced
 
intervals,D/, that cover the range of / values.
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